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ABSTRACT

We give an example to show that compact extensions of Kronecker factors
for two ergodic commuting measure preserving transformations can be
different. Also, a criteria for ergodicity of skew products of irrational

rotations with finite abelian groups is obtained.

1. Introduction

Compact extension for a dynamical system (X, B, u, S) with respect to a factor
has been much studied. In this note, we will focus on a property for compact
extension with respect to the Kronecker factor, which will be called the degree 2
Kronecker factor and denoted by K»(S) (see §2 for more details).

Let S and T be ergodic commuting measure preserving transformations on a
probability space (X, B, u). It is well known that K{(S}, the Kronecker factor
of S, is the same as K;(T'), the Kronecker factor of T. But, generally speaking,
K2(8) # Ko(T). In §4, we will give an example. Our proof of this example de-
pends on the ergodicity of a certain type of skew products of irrational rotations
with finite abelian groups, and problems in this area have been studied by Oren
[6], Schmidt [8] and Veech [9]. In §3, we will also give a criterion for ergodic-
ity. Most of the material in §2 can be found in [1, 2, 11] and, for the readers’

convenience, we give a brief summary.
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2. Compact extensions and cocycles

We start from some facts about factors and compact extensions. Readers can
find more details in [1, 2, 11].

Let (X, B, 1) be a probability space with a measure preserving transformation
S and let H = L%(X, B, u). A factor of (X, B, u, S) is a S-invariant sub-o-algebra
C C B. Let

H1(S)={f eH: foranye>0,3¢y,...,em € L%(X,B, p)

s.t. mim<icm | S™f —¢;| < e for all n}.
Then there is a S-invariant sub-o-algebra K1(S) C B such that
Hi(S) = L*(X, K1(S), ).

K1(S) is called the degree 1 Kronecker factor (or just Kronecker factor) of

the dynamical system (X, B, i, ). Actually, there exists a compact abelian group

with a rotation equivalent (in some literature, called conjugate, see [10, page 59])

to this Kronecker factor. It is well known that if S and T are ergodic commuting

(i.e. ST = T'S) measure preserving transformations on X, then K1(S) = Ky(T).
Let C be a factor of (X, B, s, S). Define

He(S)={f €H: foranye >0, 3 c1,...,cm € L®(X, B, 1) s.t.
min; <i<m E((S™f — ¢:)? | C)(z) < e forae. z€ X
and all n}.

Then there is a S-invariant sub-o-algebra Cs C B such that
He(S) = L*(X,Co, ).

Cs will be called a compact extension of C. In particular, the compact extension
of the Kronecker factor of S will be called the degree 2 Kronecker factor and
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denoted by Ko(S). It is clear that Ko(S) D K;(S5). Unlike the degree 1 Kronecker
factors, for two ergodic commuting measure preserving transformations S and T,
K2(S) is usually not the same as Ko(T'). We will give an example in §4. The
following theorem can be used to test if a function is in the compact extension.
A proof can be found in [2, pages 62-64].

THEOREM 2.1: Let C be a factor of ergodic system (X, B, u,T). Then f € H is
perpendicular to Hc(S) if and only if, for any g € L*°(X, B, p),

N-1

= 3 B | O)@)| 0
n=0

in the sense of almost pointwise and L.

Now we consider two examples which represent two extreme situations for
compact extensions of Kronecker factors.

Example 1: Let X = T x Z3°. For measurable function F: T — Z$° and an

irrational number o € T, one can define a measure preserving transformation S
on X by

S(t,x) = (t+ a,x + F(t)).

Now we assume that S is ergodic. Then
K1(S) = {A x Z$: A is a measurable subset of T}.
Let vj(x) = (1 — 2z;) and
Yirizdm = Vit Viz " Yim

for all j1,J2,...,Jm. These are all characters for Z$°. Let ¢; = v;,5,...;,, and let
€2 = —Vj1jo--jm+ For any (t,x) € X, ¥j j,--.j.. (F(t)) is either 1 or —1. Noticing
that
5™ i gzewim (b X) = Virgaergm (F(O) Va3 (X))
we have that
nll'ian((S”'yjlj,...jm -¢)? | Ki(S)) =0.

Since linear combinations of characters are dense in L%(X, B, ), Ko(S) = B.
[
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Example 2: Let X =T x Z§. For any x = (...,z_1, %o, Z1, . - .), define a shift
7: Z§ — ZP by (rx); = ziy1. Then for any irrational number 3 € T, one can
define a measure preserving transformation T on X by

T(t,x) = (t + B, Tx).
Since 7 is mixing on Z$°, T must be ergodic. One can easily find out that
Ki(T) = {A x Z%: A is a measurable subset of T}.
For any g € L*®(X, B, u},

1 N-1 1 N-1
N Z IE(gSn7j1j2"'jm | C)(®)| = N Z

n=0 n=0

[t x5 (73005 =0
for all t € T. Noticing that g and < j,...;,, are all bounded functions, by
Theorem 2.1, we have that Ko(T) = K1(T). [ |

Let po: t — t + a be a rotation on T defined by an irrational number a. For

any function f from T to a compact abelian group G, one can define a cocycle
by

n-1
™) =" ft+ ko).
k=0

For brevity, we will sometimes call f a cocycle. For any two cocycles f; and f5,
one says that they are cohomologous to each other if there exists a measurable
function u: T — G such that

AP = £57(0) + ult + ka) = u(t).
For any cocycle f(t), let Gy denote the closed subgroup of G generated by
{f™(t):t € T and n € Z}.

A cocycle f(t) is called minimal if there is no cocycle fo(t) cohomologous to f
such that Gy, C Gy but Gy, # Gy.

For any cocycle f(t), one can define a measure preserving transformation S
(sometimes we use Sy for emphasizing the cocycle) on T x G by

S(t,x) = (t + o, x + f(t)).

Now we use a known result to end this section. A proof of the following theorem
can be found in {11, page 391].
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THEOREM 2.2: With the above definitions,
(i) any cocycle is cohomologous to a minimal cocycle;
(ii) a cocycle f(t) is minimal and Gy = G if and only if Sy is ergodic on T x G;
(iit) if f1(¢) and fo(t) are cohomologous, then Gy, = Gy,.

3. Ergodicity of skew products

In this section, we will use results on continued fractions for irrational numbers
and uniform distributions of sequences in R™. More detail can be found in
4, 5].

For any z € R™, [x] = ([z1], [z2), .. ., [zm]) and ]x[= x—[x]. For any z € R, we
will use | z| to denote the distance from x to the nearest integer. The following
result can be found in (7, page 161].

THEOREM 3.1: Let {A,} be a sequence of nonsingular m x m matrices with
integer entries and, for fixed n and k = 1,2,...,n, let hfc") be the number of
integers j (1 < j < n) such that det(A; — Ax) = 0. If there are two positive
constants € and c such that

(n) —_ (n) < cn
19ken P’ =R < (logn)1+e’

then {|A,v|(} is uniformly distributed in [0,1)™ for a.e. v € [0,1)™.

COROLLARY 3.2: Let {pn/qn} be the partial convergents of an irrational number
a € [0,1). Then for a.e. v € [0,1)™, {]g.Vv[} is uniformly distributed in [0,1)™.

Proof: Let I be the m x m identity matrix and let A, = g,I. Then ¢,v = A,v.
It is clear that hfc") = 1. So the conditions in Theorem 3.1 are satisfied. Therefore
the corollary follows. |

In [3, pages 8-9], Katznelson proved the following proposition, though he did
not suminarize the results in a theorem.

PROPOSITION 3.3: Let 0 < a < % be an irrational number with continued
fraction convergents {pn/gn} and let P,(a) be the set of right half-open partition
intervals of T defined by {ja: j = 0,1,...,¢g,—1}. Then at most g,—1+1 intervals
in Pn(c) have length | g.—1a| + | gn| and the rest of the intervals in Pn(c)

have length | g,—10| .
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For any interval J in the partition P, () defined in Proposition 3.3, it is clear
that |J| < 1/¢,. Since

2| gn—10| > | gnal +|gn-10| > |J|,

we have 2¢,| gn—10| > 1. Therefore the following corollary follows.
COROLLARY 3.4: For any J € Pp{e), 1/(2¢,) < |J| < 1/gn.

Let G = {g0,91,92,--.,9m} be a finite abelian group with identity e = go and
let T be an one-dimensional torus (which is also sometimes denoted by [0, 1)).
Let a € [0,1) be an irrational number. For any 0 < ¢; < t3 < -++ <t < 1,
define

e if0<t<tort,<t<l,
fortarm (8) = { gi ifti_y <t<t fori=23,...,m.
For every (t1,%2,...,tm) € [0,1)™, one can define a measure preserving trans-
formation Sy, +,,..+,, on T x G by:

Sty tayntm (89) = (E+ @, foty 15,8 () + 9)-

PROPOSITION 3.5: Let 0 < a < 1/2 be an irrational number with
continued fraction [ay,az,...] and convergents {pn/qn}. Assume that there ex-
ists a subsequence {a,,} C {an} such that limy_,oc an, = 0o. Then for any
0 <ty <ty <. <ty <1 satisfying that {|gn, (t1,2,...,tm)[} is uniformly
distributed in [0,1)™, Sy, +,....+,. is ergodic.

m

Proof: 'We here only prove the proposition for the case lim,_. @, = 00. The
more general situation can be handled in the same way.

For convenience, we use S and f(t) to denote St ¢,,....¢,. a0d [, b5...0.. (2),
respectively. Since {|gn(t1,%2,...,tm)[} is uniformly distributed in [0,1)™, there
exists a subsequence {gn, } so that

1an(t1,tz,-..,tm>[—>(1 2. m).

8m’8m’ ' 8m
We claim that for any sufficiently large &£ and for any : = 1,2,...,m,
t: fO(t) = g;}) > —.
(1) u(ft: 79 (0) = 60)) > o
Let P,.(a) be the set of right half-open partition intervals of T defined by

{]ja[:j__'o,l"'-,Qn—l}.
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Let A; = {Jt: + jal: =0,1,...,m} for i = 1,2,...,m. For any J € P,(a), |J|
will be either | g, 1| or | gn—1@| +| gar| . Then [JNA;| < 2fori=1,2,...,m.
By Proposition 3.3, there is Q,, C P, with |Qy,| > ¢, — mgn—1 such that, for any
JEQn, |JNA|=1fori=1,2,...,m.
For any ny and any J = [a,b) € Q,,,, let a; = J N A;. Since
— Pre Tny
- an, a”"«kq’rzlk’

there is a j' with —g¢,, < j' < gn, such that

j,pnk + [anti] + ]anti[ + jlrnk

ai—a=t+ja= :
an qm, ankan

(mod 1).
Since |a; —a| € 1/¢n,, 1(3'Pn, + [@n, ti]))/gn, [ Will be either O or £1/¢,,, . Noticing
that a; > a, Jgn, t;[— i/8m and a,, — 0o, we know that when n; is sufficiently
large
3'Pri + [aniti] =0(
Qn;
For some € > 0, choose & sufficient large so that 1/a,, < ¢ and

mod 1) .

1
|]¢Inkti[—8—rﬁ| <e

Then for 1 <i <m,
i i
8—m—2me<an(ai—a)< %+2ms.
For0<:<m-~1,let

i < ; <
hi(t)={e fo<t<tiort, <t<l,

git1— g ift; <t <t
Then f(t) = Z:;7:11 hi(t). Assume a; = t; + jia for 1 < i <m —1. It is clear
that for t € (a,b) = J,

m—1

FOI () = fo+ Y hilt + Gia),

i=1

where fo = f(9)(a). Noticing that

m—1
. e f0<t<aiora,<t<l1
hi(t + jia) = = - ’
IZ_; it +jio) { gi fa;_1<t<a;fori=2,3,...,m,
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we have that for i =1,2,...,m,
1 1
teJ: fad(t) =g} > — [ — —2me ).
uee £ = g} 2 L (- 2me )
Since {Q,,!1 2 ¢n, — MGn,—1 a0d ¢no—1/gn, ~ l/an, — 0, (1) is true for
1<i<m.

Now suppose that S is not ergodic. Then there is a nontrivial subgroup Gy C G
and a function U: [0,1) — G such that f(™(t) + U(t + na) — U(t) € Gy for all
n and a.e. t € T. Therefore, for sufficiently large k,

1
tel0,1): f9)(t) ¢ G —
ut € 0,1): ST € Go} < =

This contradicts our claim (1). Therefore the proposition follows. 1

THEOREM 3.6: Let [a1,a2,...] be the continued fraction of 0 < a < 1/2. If
sup{a;: i =1,2,...} = o0,

then for a.e. (ti,t2,...,tm) € [0,1)™ with0 < t; <ty < - - < tm, St; t5,...t.. IS

ergodic.
Proof: We here only prove the theorem for the case lim,,_, ., @, = c0. The more
general situation can be proved in the same way.

Let pn./qn be n-th order convergents of a. By Corollary 3.2, there is a set I C
[0,1)™\Q™ a with full measure such that, for any (¢;,12,...,¢n) € I, the sequence
{lgn(t1,%2,. - .,tm)[} is uniformly distributed in [0,1)™. Now the theorem follows
from Proposition 3.5. ]

4. Examples for K3(S5) # K(T)

Let p, be an irrational rotation on T defined by the irrational number a. For
any integer m > 0 and any irrational numbers t1,¢5, 8 € [0,1) with ¢; < 3, we
define a function f: T — Zy = {0,1} by

0 f0<t<tiorty<t<l,
2 t) = = =
@) 1) {1 if t; <t <ty

and a measure preserving map S on T x Z3* by:

S(t,x1,T2, ...y Tm) =

(t+a,zs+ f(t),z2+ fE+B),- -, 2m + f(E+ (m = 1)B)).
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PROPOSITION 4.1: Let [a1,a2,...] be the continued fraction of 0 < a < 1/2
such that
lim a, = o

n—oo

and let (t1,t2,08) € [0,1)3\Q® with t; < ta2. If {Ign.(t1,t2,B)[} is uniformly
distributed in [0,1)3, then S is ergodic on T x ZF for all m > 0.

Proof: Let F(t) = (f(t), f(t+ B),-.., f(t + (m — 1)B3)). Assume that S is not
ergodic. Then there is a nontrivial subgroup G C Z%* and a function U: [0,1) —
Z™ such that

(3) FO® +U(t+na)-Ut) e G

for all n and a.e. t € T. Now we will use the similar method used in Proposi-
tion 3.5 to get a contradiction.
For 1 < < m, let
{ (0,0,...,0) ifo<t<ty +( — 1),
Fn(t)=1{ (0,...,0,1,0,...,0) if}t;+ (@ -1DB[<t<1,
—_——

=1

and let
(0,0,...,0) if 0 <t <jta + (' - 1)4,
Fuo(t)=< (0,...,0,1,0,...,0) iflto+ (¢ —1)8[<t< 1.
N’
i—1

Let P.(a) be the set of right half-open partition intervals of T defined by

{jel:i=0,1,...,¢, — 1}.

Let

A ={jti + (@' - 1)B+jaf: j=0,1,...,n}
fori=1,2and ¢ =1,2,...,m. For any J € P,(a), |J| will be either | g 10|
or | gn—1¢| +| gna|. Then [JNA;| <2fori=1,2and ¢ =1,2,...,m. By
Proposition 3.3, there is Q% C P, with |Q,| > ¢, — 2mg,_; such that, for any
Je Q% |JnAy|=1fori=1,2and ¢ =1,2,...,m. Now we choose {n;} such

that L1 1
]an(tlat%ﬂ)[_’ ( ) .

8’ I’ dm
Since U(t + gn, @) — U(t) — 0, when k is sufficiently large
1

p{t: U(t + gn, @) — U(t) # 0} < o8
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Let
QL = {J € Pu: p({t: U(t + gn,0) — U(t) # 0} N J) > |J|/64m}.

Then it is clear that for sufficiently large k, |QL | < ¢a,/2. Now let Q,, =
Q% NQ}, . Then
q
Qual > 22t
For a sufficiently large ng, let J = [a,b) € @, and let a;y = J N Ay for
t=1,2and ¢ =1,2,...,m. Since

- 2mq’nk—1'

Pn, Tn,

a = )
qﬂk an;, an

and 1/(2¢n, ) < |J| £ 1/gn, (see Corollary 3.4), there exists —g,, < j < gn, such
that

jpﬂk + [tiqﬂk] + [(7', - 1).3an] + ]‘Inkti[ + ](1" - I)B(Ink[ + jlrnk [

Qi —a = ] )
an, n, an, An, 45,
Since |a; — a| £ 1/¢n,,

JPn, + [tign.] + [(i' - l)ﬂ%k]
qn,,

will be either 0, £1/g,, or £2/g,,. Noticing that

i 1
{]antl[} - é?n-’ {]antzl} - -m, and QAp, — 00,

we have that, when k is sufficiently large,

](i, - l)IBq'"-k[ = (zl - 1)]16‘1111;[

and _ y
JIPny + [tiqﬂk] + [(2 - l)ﬁan] =0
Qn,
Therefore when £ is sufficiently large,
81"—5< (ax; a)<8i’—-3
3om Tl 32m
and
4z"—1< (0 a)<4i'+1
3om Imel020 32m
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This gives us a partition

a+b

0<a11<a21 <a12<822< - <aim < am < 2

for interval J such that the length of each interval of the partition of J is longer
than 1/32mg,,. Since

m

FO(8) = F™)(a) + D (Fun(t + ars) + Finr(t + a2w)),

=1
we nave that, for t € (a1, a2:),

F) (4 = F)(g) 4 (0,...,0,1,0,...,0)
v, o’

il

and for t € (azsr, ayir41)), F™)(t) = F(")(a). Noticing that J € Qn, and the
length of each interval of the partition of J, one has
(FO(8): t € J\{t: U(t + gn,a) — U(2) # 0}) = Z7.
This contradicts (3). 1
By Corollary 3.2, we have an immediate corollary.

COROLLARY 4.2: Let [ay,ay,...] be the continued fraction for 0 < o < 1/2 with
lim, o @ = 00. Then, for a.e. (t1,t2,0) € [0,1)3 with t; < t3, S is ergodic.

COROLLARY 4.3: Let [ay,a2,...] be the continued fraction for 0 < a < 1/2
with lim,_,o an = 00 and let (t1,t2,8) € [0,1)3 with t; < ta. If {Jga(ts,t2, B)[}
is uniformly distributed in [0,1)3, then S on T x Z$° defined by

T(t, ey 1,20y T1,-- ) =

(t+a,...,z1+ f(t—B),xo+ f(t),z1 + f(t+B),...)
is ergodic.

Proof: For any j € Z, let v;(...,z_1,%0,%1,...) = 1 — 2z;. Then for any
jlaj?a“'ajm
YGrizedm) = Y1 Va2 " " Vim

give all characters on Z3°.
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Assume S is not ergodic. There exists a nonconstant S-invariant function
h € LT x Z%). Assume that

h(t, veey 1,20y L1y . ) =
Z ajx.J‘z,.--,jm(t)’Y(jlj,-.-j,,.)(---,fv—hxo,l‘l,---)-
jl)j?y"'ijm
Since h is nonconstant, we assume aj, j,,....j.. (t) # 0 for some ji,j2,...,jm. Let

N € Zsuch that |j;| < Nfori=1,2,...,m and let Sy be the measure preserving

transformation on T x Z2V+! defined by

SN TNy Zo1, X0, L1, -, EIN) =
(t+o;2_n+ f(t=NB),...,z0+ f(t), 21+ ft+ B),...,2x + f(t + NB)).

Then
AN(GZoN, .- T1, B0, T1y - oy EN) = Gy gy (B) (L = 225, ) - (1 = 225,)
is a nonconstant Sy-invariant function. This contradicts Proposition 4.1. [ |

Let X = T x Z$° and let [a1,aq,...] be the continued fraction of 0 < o < 1/2
with lim,, ., an, = 00. Let p,/g, be the convergents of a. Choose (ty,t5,08) €
[0,1)3 such that ¢, < t2 and {]g.(t1,%2, 8)[} is uniformly distributed in [0,1)3.
Define f(t) as (2) and

Fi)=(..,ft-8),f(t), f(t+5),...).
Let 7 be the shift on Z°, i.e.
(x)i = 2441 forx=1(...,z_y,20,71,...) € ZS.
Now we can define two measure-preserving transformations S and T on X by
S(t,x)=(t+a,x+F()) and T(t,x)=(t+3,7x).
By Corollary 4.3, S is ergodic. Since 7 is mixing, T is also ergodic. Noticing that
F(t + 8) = rF(t), we have
ST(t,x) = (t+ a+ B, F(t + B) + 7x)
=(t+a+8,7(F()+x)) =TS, x).

Therefore S and T are commuting ergodic measure preserving transformations

on X. By Examples 1 and 2 in §2, we know that K3(S) = X and K,(T) =
Ky (T) = T. Therefore:
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THEOREM 4.4: There exist ergodic commuting measure preserving transforma-
tions S and T on a probability space X such that K,(S) # Ko(T).
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